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Generating Functions

Definition: the generating function for the sequence
ay, a4, a,, ...0of the real numbers in the infini‘re series

G(x) =ay+a;x + a,x? z apx”

Examples:

* ap =3 G(x) =X, 3x"

c ap=k+1-G6x) =X,k + 1x*

o a, =285 G(x) = X, 2kxk

* For the sequence 1,2,3, 4, we have G(x) =1+ 2x +
3x?% + 4x3,




Generating Functions

General Idea:

* Representing the terms of a sequence as coefficients
of a polynomial

* Using the properties of polynomials to obtain the
desired target

The main properties of polynomials

° Let P(x) = X¢opkx” and Q(x) = X0 qix™. If P(x) =
Q(x) for any x € [a, b] for any a # b, then p;, = q for
any integer k > 0.

* Also we know how to multiply or sum two polynomials
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Generating Functions

Some known equalities:

=Y ox® for |x| <1

1—ax

= Yp—oafx®

* For any real number u: (1 + x)4= Zzio:o(

for |x| < 1/|ajand a # 0

u
k

u(u—1)...(u—k+1)
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k!
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Counting Using Generating Functions

Problem: #solutionsofa+b+c=17,2<a<53<bh <
6,4<c<7

Solution:

The coefficient of x'” in the following polynomial

(2 4+ 23 +xt +x2) (3 + et +x° + )t + 2%+ 10 +x7)
Problem: #ways of distributing 8 identical balls into 3

distinct bins; each bin has at least two and at most 4
balls

Solution:

The coefficient of x® in the following polynomial
(x% 4+ x3 + x*)3

Use an algebra software to compute the desired

coefficient




Counting Using Generating Functions

Problem: #solutionsofa+b+c=17,2<a<53<bh <
6,4<c<7

Solution:
The coefficient of x'” in the following polynomial

(2 +x3 +x* + 2 (3 +xt + 2% +x%) (e + x° + 2%+ x7)
Problem: #ways of distributing 8 identical balls into 3
distinct bins; each bin has at least two and at most 4 balls
Solution:

The coefficient of x® in the following polynomial
(x2 +x3 +xH(x% + x5+ xH(x% + 23 +x*) = (2% + x3 + x1)3

Use a computer algebra system to the desired coefficient
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Counting Using Generating Functions

Problem: #ways to insert 1$, 2% and 5% into a vending
machine to pay r$ when order of coins does not matter

Solution:

The coefficient of x" in the following polynomial
Q+xt+x?+x3+ - )A+x2+x*+x+ )X+ x> +x0+ x>+ )

Problem: #ways to insert 1$, 2% and 5% into a vending
machine to pay r$ when the order of coins doe matter

Solution:

If we use exactly k coins, the coefficient of x" in the
following polynomial is the answer

(x! + x2 + x>)¥
Since any humber of coins may be inserted, the
coefficient of x" in Yp_o(xt + x% + x°)F= 1_x1_1x2_x5 is the

answer 7




Counting Using Generating Functions

Problem: #r-combinations of a set of n elements when
repetition of elements is allowed

Solution:

The coefficient of x" in the following polynomial
A+xt+x+x+-)'=Q1—-x)™"

which is (" * = H




Counting Using Generating Functions

Problem: #ways to select r objects of n different kinds
if we must select at least on object of each kind

Solution:

The coefficient of x" in the following polynomial
(x'+x+x°+ )= a1 —x)"




Counting Using Generating Functions

Problem: #ways to partition n

Solution:

The coefficient of x™ in the following polynomial
A+xt+x* 4+ )A+x2+x*+ ) A+ +x0+ ) . =

1
(00]
Hk:l 1—xk
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Catalan Number

' Problem: #Hexpressions containing n pairs of parentheses
which are correctly matched (Catalan number)

Solution:
Let c, be the n-th Catalan number. It is easy to see

n-—1

Cn = z CkCn—-k—1) co =¢ =1,
k=0

Let G(x) = Zk 0 ckxk be G.F. of The Catalan sequence.

G(x)? = Z(Z CiCr—i)x" z Crp1X" = G(xzc— ! N

1—+vV1—4x
2X

z T
n+1 11

xG(x)z —G(x)+1=0->G(x) =




Solvmg Recurrence Relations

Pr'oblem a, =3a,.1—2a,_,+3%a,=0,a, =1

Solution:
et G(x) = Y pa,x™. We have

@y x ™t = 3@y 2 — Zan 526743t

Z a,x™ = 3x Z a,_,x" 1 — 2x? Z Ay x™ 2% + z 3nx™

n=2 n=2

G(x) —ayx —ag =3x(G(x) —ag) — 2x%G(x) + (

T3, —3x—-1) -

—2x—1-

(14 2x%—=3x)G(x) =
1—3x
6x% + x 3.5 8 4.5
== — + -
1-x)1-2x)(1—-3x) 1-—-x 1—-2x 1-3x

G(x) =

G(x) = 2(3.5 _ 8 X 2" 445 x 3M)x"
n=0
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